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Abstract 

One possibility to explain the current accelerated expansion of the 
universe may be related with the presence of cosmologically evolving 
scalar whose mass depends on the local matter density (chameleon 
cosmology). We point out that matter quantum effects in such scalar- 
tensor theory produce the chameleon scalar field dependent conformal 
anomaly. Such conformal anomaly adds higher derivative terms to 
chameleon field equation of motion. As a result, the principal possi- 
bility for instabilities appears. These instabilities seem to be irrelevant 
at small curvature but may become dangerous in the regions where 
gravitational field is strong. 
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The recent astrophysical data [1, 2] indicate that there is a dark energy 
providing approximately two thirds of the current universe energy density. 
There are various scenarios to explain what the dark energy is. For instance, 
the dark energy can be regarded as the (effective) cosmological constant 
which provides the current cosmic acceleration. Immediately, the question 
appears: why the cosmological constant, or accelerating Hubble constant 
is so small (of the order of 10~ 33 eV), compared with the Planck scale 10 19 
GeV? In another scenario the dark energy is produced by some exotic matter 
like phantom (field with negative kinetic energy) [3] or some other (usually 
scalar) matter. Unfortunately, such scalar fields are usually very light. Its 
coupling to matter should be tuned to extremely small values in order not 
to be in conflict with the Equivalence Principle. In a sense, the cosmological 
evolution of scalars contradicts with the solar system tests. 

Recently, the very interesting attempt to overcome the problems with 
light scalars has been suggested in [4] (Chameleon Cosmology, see also [5]). 
The effective mass of the chameleon scalar field depends on the local matter 
density (for earlier discussions of density-dependent potentials, see [6]). Then 
on the cosmological scales, the evolving chameleon scalar is almost massless 
and gives naturally an effective cosmological constant of the order of the 
matter density in the universe. The mass becomes heavy, say on the earth. 
That does not contradict with the solar system tests of the Equivalence 
Principle. The coupling of chameleon with the matter is of the order unity 
[4]. Furthermore the potential and the couplings of the chameleon field(s) 
with matter are rather usual in the string theory. 

We start with quick review of chameleon field scenario. The initial action 
has the following form: 

4 2 1 1 

fR - -d.W4> - V(d>) 

- J d 4 xC m (^,gj:l) . (1) 

Here 's are matter fields, which are distinguished with each other by the 
index (i). The metric tensor gfy is defined by 

^g = e"pi^. (2) 
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Here B^s are constants, which depend on the matter. Typically the potential 
V(4>) is chosen as 

M 4+n 

= —■ ( 3 ) 
The equation of motion for (f) has the following form: 

V 2 = V, - . (4) 

i 

If the time-development of the matter fields is small, one may assume 
Pi ~ —g^^Tpv . Here pi's are the energy densities of the matter fileds. 
For simplicity, the case that 3is do not depend on the matter fields or the 
case of only one kind of matter field is considered. Eq. (4) may be rewritten 

as 

V 2 = V'{4>) + j^e^p . (5) 

Let 0o be a constant solution of (5), that is, 

3 -Wo 

= V'M + T^e^Tpo . (6) 
Then the effective mass of the chameleon field is given by 



m 2 



d ( ' , , 3 im 



(7) 
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which depends on the matter density po- The mass can be small at large 
cosmological scale but might be heavy, say, on the earth. If there are N- 
matter fields with common (3, instead of (7), we have 



2 d / Tr// , , N3 Mln \ 



(8) 

=00 



Now as a quantum correction, we consider the trace anomaly due to N- 
conformal scalars, whose action is given by 

Matter = £ J #X>f^><p® (v 2 - <p® . (9) 
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Here the curvature is constructed from the metric gfy. In the case that 
the f3i does not depend on the matter scalars, we may write the metric as 

9vv = 9nl = e Mpl 5V and we express the curvature etc. constructed by as 
R etc. Then the conformal anomaly T is given by 

T = —^— 2 (R^R^ - R» v fr v + V 2 R) . (10) 
180 (47r) \ ' 

Since under the scale transformation g^ u — > e°g^, the Riemann tensor is 
transformed as 



~(gc P g»v- g^g w )V^aV^a^ , (11) 

one finds that the trace anomaly can be rewritten as (for a review of conformal 
anomaly for 4d dilaton coupled matter, see [7]) 



'e 



Here 



T ~ ion /a \2 [Rnv P <jR llupa ~ R^R^ + V 2 R 
180 (47t) 

-3 (V 2 ) 2 4> ~ V^Vi* - 2i^V M V„0 + R^V^VA 

+2V M 0V>V M V^ + V 2 0V CT 0V>] . (12) 

I 2/? j 



M P r ' 

The quantum correction to energy density can be included by replacing 



(13) 



Po -> po - r (14) 
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in (5). The next assumption is that the curvature is small and can be ne- 
glected. We also consider the perturbation of quantum corrected equation 
(5) by replacing 

= 0o + 50 (15) 
and keeping only the linear part of 50 

V 2 50 = m 2 50 + N/3 " (V 2 ) 2 50 . (16) 



30 (Any M, 



Here m 2 is defined by (8). By replacing V 2 — > u 2 , we obtain 



_ 30 (4tt) 2 / I Am*N/P 
" -^^{^f- 30(An) 2 M 2 J • (17) 

30(4vr) 2 M2 1 

cij 2 is real and positive, which indicates that the system is stable under the 
perturbations. On the other hand, if 

4 " i27V " 2 >1, (19) 



30 (4vr) 2 M 2 y 

uo 2 becomes complex. Then the system becomes instable. If the matter 
density is large O ~ 0, we find "^fti" ~ jj^ from (6) for the potential 

V{<j>) = M A+n (j)- n . Then we have 

2 n(n+l)M A+n A(3 2 p MM n+4 n±* n±2 

<Po IV1 Pl 
Then the condition (19) can be rewritten as 

n+4 3n+4 

Po>M^M p f 2 . (21) 

For n — ► oo, we have p > MM|, or M < M P1 (]vfr)- On the other hand, 
for n — > (if we include the case that n is fractional or irrational), we have 



4 



p > M 2 M|i or M < Mpuf^. We should note M P1 ~ (l(r 35 m) 1 ~ 



10 19 GeV~ 10 5 g, or Mpj ~ 10 94 g/cm 3 . In case of white dwarf, we have 
p ~ 10 6 g/cm 3 , therefore, if M < l(r 60 eV (for n -> oo) or M < l(r 16 eV 
(for n — > 0), there might be an instability. On the other hand, in case of 
neutron star, we have p ~ 10 14 g/cm 3 . Then if M < lCT 52 eV (for n — > oo) 
or M < 10" 12 eV (for n — > 0), there might be an instability. Such values 
of M seem to be unnatural. Therefore, chameleon cosmology (at least, in 
newtonian limit [4]) seems to be stable under the perturbations with the 
account of quantum effects. Nevertheless, further checks of the consistency 
of chameleon cosmology should be fulfilled. 

Eq.(19) seems to indicate that if m 2 is very large, there might appear 
an instability. In such a case, one cannot neglect the curvature. In the 
following, the case that the curvature is not small but (covariantly) constant 
is considered. The Riemann curvature can be written as 



As we will see later, the mode cooresponding to the scale of the metric is 
mixed with the chameleon scalar in the perturbation. Before going to the 
chameleon theory with quantum correction, we consider the perturbations in 
usual Einstein gravity. 

Multiplying g^ v to the Einstein equation 



pi 



R, 




(22) 



Rpu ^9pvR 2^^ u ' 
one obtains (for 4-dim. case, for simplicity) 



(23) 



-R = 2A . 



(24) 



For the general variation of the metric 



9iiv -> 9/j.u + Sg, 



(25) 



we have 



5R = -bg^BT + V^5g, u - V 2 (<T%.) ■ 



(26) 



Choosing a gauge condition 



o , 



(27) 



5 



and considering the perturbations on the deSitter space in (22), we obtain, 
from the reduced Einstein equation (24), 



= --SG - V 2 5G . 
I 2 



(28) 



Here 



5G = cTSg^ , (29) 

which corresponds to the mode of the scale of the metric tensor. Eq.(28) 
seems to indicate that in above gauge SG has a tachyonic mass, 



ml = - T2 



(30) 



In case of the chameleon theory with quantum effects, the equation cor- 
responding to the reduced Einstein equation (24) has the following form: 



1 M± 



+ -d^4> + 2V(<j>) = |e^T (-Np + T) . 



(31) 



It is assumed again that there are N matter fields (conformal scalars) with a 
common fa = (3. For covariantly constant curvature as in (22) and constant 
chameleon field, <fi — 0o> Eq.(31) reduces as 



6Ml . , . i wo N 

I 2 K ' 2 P0 30 (An) 2 I 4 



(32) 



On the other hand, Eq.(5) after the replacement (14) has the following form: 

N/3 



= V(fc) + ^e«r + 



Mi 



pi 



15 (4tt) 2 / 4 M P i 



(33) 



Combining (32) with (33), I 2 and O ma Y be evaluated. The next is to 
address the perturbations around the solution. For the perturbation, we 
choose a gauge condition (27). Then 



8T 



Ne 



180 (Air) 



A(3_ 
M, 



pi 
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£v 2 ^-3(V 2 ) : 



+pG-^V 2 5G-(V 2 ) 2 6G 



(34) 
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Here 5G is defined by (29). The equation (31) gives 
Mpi ( 3 



I 2 



' -e m pi 50 + 



- V 2 5G + 2V'{</>o)6</) 



N 



4 pi 



360 (4tt) 

2 



Mi 



pi 



24 
"T 2 " 



V 2 50-3 (V 2 ) 2 50 



+£*G-±V 2 *G-(V 2 ) :< <5G 



(35) 



On the other hand, Eq.(5) after the replacement (14) looks like 



V 2 50 = m 2 5(t) 



N/3 



180 (4tt) 2 Mpi 
6 _ 1 



M P1 



-^V 2 50-3(V 2 ) 2 ^ 



+^G--V 2 5G-(V 2 ) <5G 
Here m 2 is defined by (8). Defining 

6 



N 



120 (4tt) 



2 ' 



(36) 



(37) 



and replacing V 2 
= 



we obtain 



4/36 

mT 



pi 



a, 4 + pU; 2 + ^ ) 



!w2 + ^)(^ 2 -3^ + 2 



26 M ->^ 



(38) 



8p 2 b 

2/3b 
3M P1 
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(39) 



Here Eq.(33) is used. In order that Eqs.(38) and (39) have a non-trivial 
solution, the following condition should be satisfied, 

D(u 2 ) 

3\ (b . A (M 2 2b 







■){^(l-12^ 2 )- 4 +( 



646/3 
M P1 / 6 



M 2 



26 
3Z 2 



m 



(40) 



The solutions of the above equation (40) with respect to uj 2 are given by 
- 2 = -I , (41) 



LO 2 



2b{\2(3 2 -l) 



Mpj 2b 
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(42) 
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The solution (41) corresponds to the tachyonic mass in (30). Then we neglect 
the solution (41). We now consider the case that the curvature is smaller 

than the Planck scale ^ <C Mp V Then one may obtain — ^ > 0. If 
P 2 > both of the solutions (42) are positive, and there is no instability. 
On the other hand if (3 2 < ^, one of the solutions in (42) is negative, then 
the system becomes instable. 

In summary, our study indicates that quantum effects related with confor- 
mal anomaly introduce potentially dangerous higher derivative terms to the 
equations of motion for chameleon fields. Such quantum effects are known to 
lead to so-called trace anomaly driven inflation [8] at the early universe. (For 
extension of anomaly driven inflation for scalar-tensor theories, see [9]). How- 
ever, for chameleon cosmology in the limit of small curvature[4] the induced 
instabilities are negligible. Nevertheless, with the increase of the curvature 
such instabilities are getting more important and may put some extra limits 
to chameleon cosmology (if it will be realized as realistic cosmology). 
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